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Abstract. We formulate and prove a generalization of Zariski-van Kam- 
pen theorem on the topological fundamental groups of smooth complex al- 
gebraic varieties. As an application, we prove a hyperplane section theorem 
of Lefschetz-Zariski-van Kampen type for the fundamental groups of the com- 
plements to the Grassmannian dual varieties. 



1. Introduction 

We work over the complex number field C. By a variety^ we mean a reduced 
irreducible quasi-projective scheme. The fundamental group i^i{V) of a variety 
V is the topological fundamental group of the analytic space underlying V . The 
conjunction of paths is read from left to right; that is, for paths a : / := [0, 1] — > 1^ 
and (5 : I ^V,we define al3 : I ^ V only when a(l) = /3(0). 

For a subset 5 of a group G, we denote by {S) the subgroup of G generated by 
the elements of S. Let a group F act on G from the right. Then the subgroup 

^r:=({.g-V|geG,7eF}> 

of G is normal, because h^^{g^^g'^)h — {{gh)^^{gh)^){h^^h'^)~^ . We then put 

G//F G/Nr, 
and call G//T the Zariski-van Kampen quotient of G by F. 

Let f : X Y he a dominant morphism from a smooth variety X to a smooth 
variety Y with a connected general fiber. There exists a non-empty Zariski open 
subset Y° C Y such that / is locally trivial in the C°°-category over 1"°. We put 
X° := f-^{Y°), and denote by f° : X° ^ Y° the restriction of / to X° . We choose 
a base point h G Y° , put Ff, := and choose a base point h E Ff,. 

We investigate the kernel of the homomorphism 

i* : 7ri(Ffc,6) 7ri(X, 6) 

induced by the inclusion l : Ff, ^ X . The classical Zariski-van Kampen theorem, 
which started from |30j . describes Ker(t») in terms of the monodromy action of 
7ri(y°, 6) on 7ri(i<{,, b) under the assumption that a cross-section of f passing through 
b exists. (See [4] for an account of the proof.) The cross-section plays a double role; 
one is to define the monodromy action of TTi{Y°,b) on 7ri(i^b,6), and the other is 
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to prevent TT2iY) from contributing to Ker(t,). However, the cross-section rarely 
exists in applications. If we do not have any cross-section, then the monodromy 
of TTi{Y°,b) on 7ri(Ff,) is not well-defined, and moreover TT2{y) niay contribute to 
Ker(t*). (See Example [OP 

In this paper, we give a generalization of Zariski-van Kampen theorem (Theo- 
rem |32Q1), which describes Ker(t,) under weaker conditions on the existence of the 
cross-section. Informally, our theorem states that, if there exists a cross-section on 
a subspace of Y whose 1:2 surjects to Tr2{Y), then, under additional assumptions on 
the singular fibers of /, Ker(i») is generated by the monodromy relations arising 
from the lifted monodromy, which is defined as follows. 

Since f° : X° Y° is locally trivial, the groups 7Ti{f^^{f{x)),x) form a locally 
constant system on X° when x moves on X°, and hence tti{X°, b) acts on 7ri(i^b, b) 
from the right in a natural way. We denote this action by 

(1.1) fi : niiX°,b) ^ AutiiTiiFt^b)), 

and call /i the lifted monodromy. 

Combining our main result with Nori's lemma [15j (see Proposition 13. 1|) . we 
obtain the following: 

Corollary 1.1. Suppose that the following three conditions are satisfied: 
(CI) the locus Sing(/) of critical points of f is of codimension > 2 in X, 
(C2) there exists a Zariski closed subset Sq ofY with codimension > 2 such that 

Fy := f^^iy) is non-empty and irreducible for any y eY \ So, and 
(Z) there exist a subspace Z G Y containing b and a continuous cross-section 
sz ■ Z ^ f^^{Z) of f over Z satisfying sz{Z)C\SYiig{f) = and Sz{b) = b 
such that the inclusion Z ^ Y induces a surjection 7T2{Z, b) t^2(Y, b). 

Let ix* ■ 7:i{X°,b) Tri{X,b) be the homomorphism induced by the inclusion 
ix ■ X° ^ X . Then Kcr(i*) is equal to 

(1.2) n ( {s^V^^Ms e ^i(Fb,6), 7 e Ker{ix.)} ), 
and we have the exact sequence 

1 TriiFb,b)//KeT{ix*) ^ 7ri(X,6) ^ 7ri(y,6) 1. 

Remark 1.2. The condition (Z) is trivially satisfied if tt2{Y) = 0; for example, when 
Y is an afRne space A^, an abelian variety, or a Riemann surface of genus > 0. 

In our previous papers [18j , [24] and [25] , we have given three different proofs to 
a special case of Theorem I3.20( where Y is an affine space . Even this special 
case has yielded many applications ( [T71 [191 [20l [211 [22j [23l [26] ) . Thus we can expect 
more applications of the generalized Zariski-van Kampen theorem of this paper. 

As an easy application, we obtain the following: 

Corollary 1.3. Let f : X Y be a morphism from a smooth variety X to a smooth 
variety Y . Suppose that 7T2{Y) — 0, that f is projective with the general fiber Fi, 
being connected, and that Sing(/) is of codimension > 3 in X . Let i : Fi, ^ X be 
the inclusion. Then the sequence 

1 7ri(Fb) ^ t:i{X) ^ ^i(r) 1 

is exact. 
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As the next application, we investigate the fundamental group of the comple- 
ment of the Grassmannian dual variety^ and prove a hyperplane section theorem of 
Zariski-Lefschetz-van Kampen type. 

A Zariski closed subset of a projective space is said to be non- degenerate if 
it is not contained in any hyperplane of P^. We denote by Gr'^(P^) the Grass- 
mannian variety of (TV — c)-dimensional linear subspaces of P^. For a point 
t e (P^)v = Gr^(P^) of the dual projective space, let Ht C P^ denote the corre- 
sponding hyperplane. 

Let be a closed subscheme of P^ such that every irreducible component is of 
dimension n. For c < n, the Grassmannian dual variety ofW in Gr'^(P^) is defined 
to be the locus of L e Gr^(P^) such that the scheme-theoretic intersection of W 
and the linear subspace L C P^ fails to be smooth of dimension n — c. For a non- 
negative integer fc, we denote by Uk{W,P'^) the complement of the Grassmannian 
dual variety of W in Gr"-'=(P^); that is, UkiW,¥^) C Gr""''(P^) is the Zariski 
open subset of all L e Gr"^''(P^) that intersect W along a smooth scheme of 
dimension k. 

Let X C P^ be a smooth non-degenerate projective variety of dimension n > 2. 
The fundamental group tti ((P^)^ \ X"^) = 7ri(f7„_i(X,P^)) of the complement of 
the dual variety has been studied in several papers (for example, [3l[5]). However, 
there seem to be few studies on its generalization to Grassmannian varieties. We 
will investigate the fundamental groups 7ri(J7fe(X, P-*^)) for A: = 0, . . . , n — 2. 

We choose a general line A in (P^)^, and consider the corresponding pencil 
{Ht}t£A of hyperplanes. Let A -.^ Ht ^ pA'-2 (jgj^Q^^g ^}jg ^xis of the pencil. We 
put 

Ft := a: n Ht and Za := AT n A. 

Let k be an integer such that < fc < n — 2. Regarding Gv'^^^^Ht) as a closed 
subvariety of Gr'=(P^), and Gr^-^iA) as a closed subvariety of Gr'^ ^{Ht), we have 
canonical inclusions 

Uk{ZA,A) ^ Uk{Yt,Ht) ^ C/fe(X,P~). 

Since k < n — 2, the space Uk{Z\, A) is non-empty. (When k = n — 2, the space 
Un-2iZA,A) is equal to the one-point set Gr'^{A) — {A}.) We choose a base point 

Lo e Uk{ZA,A), 

which serves also as a base point of J7fe(Ar, P^) and of Uk{Yt,Ht) by the natural 
inclusions above. Consider the space 

Uk{X,¥'',A) { {L,t) e Uk{X,P^) x A | LcHt} 

with the projection 

/a : Uk{X,F'^,A) ^ A. 

The fiber of /a over i g A is canonically identified with Uk{Yt, Ht), and the point 
Lo furnishes us with a holomorphic section 

So : Uk{X,V^,A) 

of /a. There exists a proper Zariski closed subset Sa of A such that /a is locally 
trivial over A \ Sa in the C°°-category. We choose a base point S A \ Sa- By the 
section So, the fundamental group 7ri(A\ Ea,0) acts on TTiillkiYo, Hq), Lo) in the 
classical (not lifted) monodromy. 
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Using the fact that A ^ (P^)^ induces an isomorphism 7r2(A) = 7r2((P^)^), we 
derive from Theorem 13 . 201 the foUowing: 

Theorem 1.4. Consider the homomorphism 

induced by the inclusion l : Uk{Yo, Ho) ^ Uk{X,P^). 

(1) If k < n~2, then is surjective and induces an isomorphism 

7ri(C/fc(ro,ifo),io)//7ri(A\I]A,0) ^ Tri{UkiX,P^), L,). 

(2) If k < n ~ 2, the monodromy action of ni{K \ Sa,0) on ■ni{Uk{Yo, Ho), Lq) 
is trivial. In particular, the homomorphism is an isomorphism for k < n — 2. 

Remark that this theorem resembles the classical Lefschetz hyperplane section 
theorem on the homotopy groups of smooth projective varieties: namely, the inclu- 
sion Yq ^ X induces surjective homomorphisms TTk{Yo) TTk{X) for k < n ~ 1, 
and isomorphisms nk{Yo) ^ Trk{X) for fc < n — 1. 

The isomorphism in the assertion (2) of Theorem 11.41 seems to fail to hold for 
k = n — 2, as can be seen from the argument in f|6]of this paper. 

As the third apphcation, we study 7ri(L/fe(X,P^), Lo) for fc = 0. By TheoremfOl 
it is enough to investigate the case where dim A" ~ 2, and to study the monodromy 
action of 7ri(A \ Sa,0) on 7ri(J7o(^Oi ^o), -^o), where Yo — X O Ho is a smooth 
compact Riemann surface. 

First we define the simple braid group SB^ of d strings on a compact Riemann 
surface C of genus g > 0. We denote by Div'^(C) the variety of effective divisors of 
degree d on C, and by rDiv'^(C) C Div'^(C) the Zariski open subset consisting of 
reduced divisors. We fix a base point 

Do =pi-\ \-pd 

of rDiv''(C). The braid group Bg — B{C,Do) is defined to be the fundamental 
group 7ri(rDiv'^(C7), Do). (See 12].) 

Definition 1.5. The simple braid group SB'^g = SB{C, Do) is defined to be the 
kernel of the homomorphism B{C, Do) 7ri(Div'^(C), Do) induced by the inclusion 
rDiv'^(C) ^ Div'*(C). 

Let A4g = Ai{C,Do) be the topological group of orientation- preserving diffeo- 
morphisms 7 of C acting from the right that satisfy pp — pi for each point pi of 
Do- We denote by 

r^ = r{c,Do) ■.= MM{c,Do)) 

the group of isotopy classes of diffeomorphisms in A^^ = M.{C, Do), which acts on 
SB'l = SB{C, Do) from the right in a natural way. 

Let C C P*^ be a smooth non-degenerate projective curve of degree d and genus 
g > 0, and let Dq G rDiv''(C) be a general hyperplane section. We will investigate 
7''i(C/o(C, P^^), Do); that is, the fundamental group of the complement of the dual 
hypersurface of C . 

In [9] and [25 1 we studied this group under conditions that d>2g + 2 and that 
the invertible sheaf Oc(Do) corresponds to a general point of the Picard variety 
Pic'*(C) of isomorphism classes of line bundles of degree d. 
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Using the fact that 7r2(Pic (C)) = 0, we derive from our main theorem (Theo- 
rem [32Q1) the foUowing resuh, which states the same resuh as in [9J and 24J under 
weaker conditions. 

Definition 1.6. We say that C C P''^ is Pliicker general if the dual curve p{CY C 
(P^)^ of the image p{C) C P^ of the general projection p : C ^ P^ has only 
ordinary nodes and ordinary cusps as its singularities. 

Theorem 1.7. Suppose that d > g + 4 and that C is Pliicker general in P*^. Then 
7ri([/o(C,P^'0,-Do) is isomorphic to SB{C,Dq). 

Let X C P^ be a smooth non-degenerate projective surface of degree d, and let 
{ItjtgA be a pencil of hyperplane sections of X parameterized by a general line 
A C (P^)^ with the base locus Za := X n A, where A ^ f]Ht is the axis of the 
pencil {Ht}teA of hyperplanes. Let 

if : y -.^ { {x,t) e X X A I xeHt} ^ A 

be the fibration of the pencil. Then (p is locally trivial over A \ in the C°°- 
category, where is the set of critical values of (p. Let be a general point of A. 
The corresponding member Yq is a compact Riemann surface of genus 

id + Ho-Kx)/2 + l. 

Note that Uo{Za, A) — {A}, and that each point of Za yields a holomorphic section 
of 95 : 3^ — > A. By the classical monodromy, we obtain a homomorphism 

(1.3) 7riiA\j:'^,o) ^ r;; = riYo,ZA), 

and hence 7ri(A \ E^, 0) acts on the simple braid group SB^ = SB{Y(), Za) from 
the right. We denote by 

Ta c r^ = riYo,ZA) 

the image of the monodromy homomorphism (jl.3p . Combining Theorems ll.4l and ll.7[ 
we obtain the following: 

Corollary 1.8. Let X , {Yt}t£A, Za ~ X (1 A and Fa be as above. Suppose that 
g > 0, d > g + 4:, and that a general hyperplane section of X is Pliicker gen- 
eral. Then tti{Uo{X,P^), A) is isomorphic to the Zariski-van Kampen quotient 
SB{Yo,Za)//Ta. 

A motivation of the study of the fundamental group tti{Uo{X, P^)) for a surface 
X C P^ is the conjecture of Auroux, Donaldson, Katzarkov and Yotov [IJ about 
the fundamental group tti (P^ \ B) of the complement of the branch curve i? C P^ of 
the general projection X — > P^, which had been intensively studied by Moishezon, 
Teicher, Robb. The weakening of the conditions from our previous works [24] ) 
to the present result (Theorem II. 7|1 is important with respect to this application. 
See Remark 1131 

The plan of this paper is as follows. In 311 we state some elementary facts about 
Zariski-van Kampen quotients. In ^ we prove the generalized Zariski-van Kampen 
theorem (Theorem I3.20p . We then prove its variant (Theorem I3.34|) , and deduce 
Corollaries 11.11 and 11.31 The main ingredient of the proof is the notion of free loop 
pairs of monodromy relation type fDefinitions l3.23l and l3. 2"5|) . and Proposition l3.3dl 
Using these results, we prove Theorem 11.41 in 21 ^^'^ Theorem 11.71 in ^ In the 
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last section, we explain the relation between 7Ti{Uo{X,P^)) and the conjecture of 
Auroux, Donaldson, Katzarkov, Yotov. 

This paper is dedicated to the memory of Professor Nguyen Huu Due. 

Conventions and Notation 

(1) The constant map to a point P is denoted by Ip. 

(2) We denote by / C M the interval [0, 1], by A C C the open unit disc, and 
by A C C the closed unit disc. 

(3) For a continuous map ^ : A — > T to a topological space T, we denote by 

dj : I ^ T 

the loop given by 1 S{exp{2TT^/—lt)). 

2. Zariski-van Kampen quotient 

Definition 2.1. Let G be a group, and let 5 be a subset of G. We denote by {S)c 
or simply by (S) the smallest subgroup of G containing S", and by {{S))g or simply 
by {{S)) the smallest normal subgroup of G containing S. 

We let a group F act on a group G from the right. The following are easy: 

Lemma 2.2. For any 7 G F, the subgroup ({g^^g'^ \g G G})g of G is normal. 
Hence, for any subset E C F, the subgroup ({g^^g'^ | g G G, cr G is normal. 

Lemma 2.3. Let S be a .subset of G, and let T, be a subset o/F. If G = {S)g md 
F = (S)r, then we have 

{{{s-h'^ \seS,<je S}))g - {{g-'g^ \geG,ae I]})g - ({g" V 1 5 e G, 7 e F})g. 

Definition 2.4. We define G x F to be the group with the underlying set G x F 
and with the product defined by 

{g,j)ih,S) := (.g.(/i(^"')),7<5). 

We then define homomorphisms i:G— ^GxF, p:GxF^F and s : F — > G x F 
by iig) ■= (5, 1), p{gn) ■= 7 ^-nd 3(7) := (1,7). Then we obtain an exact sequence 

(2.1) 1 — ^G^GxF^F — > I 

with the cross-section s of p, and the action g 1— s- of 7 G F on G coincides with 
the inner-automorphism g 1— > 5(7)^^55(7) by 5(7) G G x F on the normal subgroup 
G = j(G) of G X F. 

The following two lemmas are elementary: 

Lemma 2.5. Let Q be a group. Suppose that we are given an exact sequence 

(2.2) 1 — > G ^ g ^ T — > I 

with a cross-section s' : T Q of p' that is a homomorphism of groups. Suppose 
also that the action of ^ £ T on g £ G is equal to the inner- automorphism by s'(7); 
that is, we have i'(g'~') = s' {'j)~^i' {g)s' (j) for any g G G and 7 G F. Then there 
exists an isomorphism Q = G x T such that the exact sequences (|2.ip and (12. 2p 
coincide and the cross-section s corresponds to s' by this isomorphism. 
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Lemma 2.6. The composite homomorphism 

G -i^ G>^r ^ (G X r)/((s(r))>G>.r 

is surjective, and its kernel is equal to {{g^^g'^ | .9 G G,'y E F}); that is, the Zariski- 
van Kampen quotient G//T is isomorphic to (G x: T) / {{s{T))) . 

3. Fundamental groups of algebraic fiber spaces 

Let X and Y be smooth varieties, and let / : X — > y be a dominant morphism. 
We denote by Sing(/) C X the Zariski closed subset of the critical points of /. For 
a point y G Y, we put 

Fy:=r\y)- 

Let a : T — > y be a continuous map from a topological space T. Then a continuous 
map a : T — !■ X is said to be a lift of a if f o a = a. 

We fix, once and for all, a proper Zariski closed subset 

E c y 

such that f° : X° Y° is locally trivial in the C°°-category, where 

r°:=r\S, X° ■= f-^Y") and f° -.^ f\xo : X° ^ Y° . 

(In particular, Sing(/) is contained in /^^(S).) It follows from Hironaka's resolution 
of singularities that such a proper Zariski closed subset S C F exists. We then fix 
base points 

beY° and b e Fb C X°, 

and consider the homomorphisms 

: TTi{Fb,b) 7ri(X,fe) and : 7ri(X,6) ^ 7ri(r,6) 

induced by the inclusion i : Fb ^ X and the morphism / : X — > y, respectively. 
The aim of Zariski- van Kampen theorem is to describe Ker(t*). 

The following result of Nori [15] will be used throughout this paper: 

Proposition 3.1. Suppose that is connected, and that there exists a Zariski 
closed subset 'E! <ZY of codimension > 2 such that Fy \ {Fy n Sing(/)) ^ for any 
y £ Y \ 'E! . Then : 7ri(X, 6) — > 7ri(Y,6) is surjective, and its kernel is equal to 
the image of t, ; ■ni{Fb, b) — > 7ri(X, b). 

Proof. See Nori [Kl Lemma 1.5] and Proposition 3.1]. □ 

Let a : I ^ X° be a path, and we put a := f° o a. Then a induces an iso- 
morphism 7ri(_F'Q,(o), 5(0)) ^ T^iiFaii), Q;(1)), which depends only on the homotopy 
class (relative to dl) of the path a. Hence we can write this isomorphism as 

[a], : 7ri(F„(o),a(0)) ^ TTi{Fa(i), a{l)). 

The lifted monodromy 

fi : niiX°,b) Ant{ni{Fb,b)) 

introduced in SJT] (see (jl.ip ) is obtained by applying this construction to the loops 
in X° with the base point b. By the definition, we have the following: 
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a /\ 




pr2 



Figure 3.1. The extension 



Proposition 3.2. For any [a] e Tri{X°,b) and g E TTi{Fb,b), we have 

in Tri{X°,b), where l° : 7ri(i^b,5) T:i{X°,b) is the homomorphism induced by the 
inclusion l° : Fi, ^ X°. 

First we prove the foUowing: 

Proposition 3.3. Suppose that a loop a : {I,dl) — > {X°^b) is null-homotopic in 
{X,b). Then e Ker(i,) for any g E TTi{Fb,b). 

Proof. We put a := /° o a, and U := (/ x {0}) U {dl x /). Let g E ni{Fb,b) be 
represented by a loop 7 : (/, dl) (Ff,, b). We define (f)^ : U ^ X° by 

0Lj(s,O) 7(s), 0u(O,i) := and 0u(l, := 

Then we have /° o 0u = (ct° pr2)lu: where pr2 : I x I I is the second projection. 
Since U is a strong deformation retract of / x / and /° is locally trivial, the extension 
of (aopr2)|u : U ^ y° to aopr2 : Ixl ^ Y° lifts to an extension from 0u : LI — > X° 
to a continuous map (/) : I x I ^ X° that satisfies 0|u ~ (fiu and f° o (j) — a o pr2. 
(See Figure [3m ) Then the loop 

7':=^|7x{i} : 

represents Since 0|{o}x7 = "5 and 



{1}X/ 



: d, we have 



1 



in 7ri(X°,fe). Since [a] = 1 in 7ri(X, 6) by the assumption, we have [7] "'^[7'] = 1 in 
MX~b)- □ 



By Proposition 13.31 the normal subgroup TZ defined by (|1.2p is contained in 
Ker(t,). However TZ is not equal to Ker(t*) in general. We give two examples. 

Example 3.4. Let L ^ be a line bundle of degree d > 0, and let C i be 
the complement of the zero-section. Since the projection f : X = ^y = P^is 
locally trivial, we can put S = 0, and hence TZ — {!}. However, the kernel of 

: TTi{Fb) ^ 7ri(C^) = Z ^ 7ri(i^) ^ Z/dZ 

is non-trivial. Indeed, Kcr(t*) is equal to the image of the boundary homomorphism 
TT2{P^) ^ 7ri(C^) in the homotopy exact sequence. 
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Example 3.5. Consider the morphism 



f : X = C^ ^ Y = C 



given by f{x,y) :— xy. We can put S = {0}, and hence the fundamental group 
of X° = \ {xy — 0} is isomorphic to 1? . The general fiber Fb is isomorphic to 
minus two points, and the lifted monodromy action of tti{X°) on 7ri(Fh) = Z is 
trivial. Therefore we have TZ = {1}, while we have Ker(i*) — 7ri(Ff,) = Z. 

Our ultimate goal is to show that the three conditions in CoroUarv ll.ll is sufficient 
for TZ — Ker(t») to hold. 

From now on, we suppose that f : X ^ Y satisfies the first two of the three 
conditions in Corollary (TTTJ namely, we assume the following: 

(CI) Sing(/) is of codimension > 2 in X, and 

(C2) there exists a Zariski closed subset Sq C F of codimension > 2 such that 
Fy is non-empty and irreducible for any y e y \ Sq . 

Remark 3.6. By the conditions (Cf ) and (C2), the following hold: 
(CO) for y e the fiber Fy is connected, and 

(C3) there exists a Zariski closed subset Si C y of codimension > 2 such that 
Fy \ {Fy n Sing(/)) is non-empty and connected for every y £ Y \ Ei. 
In particular, we see that is surjective and Im(i*) = Ker(/*) holds by Nori's 
lemma (Proposition [3Tl]) . 

Let Si, . . . , Sat be the irreducible components of S with codimension 1 in y. There 
exists a proper Zariski closed subset S C S with the following properties. We put 

y«:=y\s, :=s, \(s;, ns) = Sinr», := s]\s = snr". 

(so) The codimension of S in F is > 2. 

(51) The Zariski closed subsets Sq C F in the condition (C2) and Si C F in 
the condition (C3) are contained in S. 

(52) Each is a smooth hypersurface of F", and E* is a disjoint union of 
E5,...,E5y^; that is, S contains all the irreducible components of E with 
codimension > 2 in y and the singular locus of E. 

(53) For each y G E?, there exist an open neighborhood U C of y in Y^ and 
an analytic isomorphism 



(j): {U,Un'E) ^ A™-ix(A,0), 

with the following properties. Let ^ : U 
(j)-U ^m-i ^ ^ projection A™" 



where m = dim K , 

^m-i ^j^g composite of 
1 X A A"'-i. Then 



m — 1 



is smooth, and the commutative diagram 




U 



is a trivial family of C°°-maps over A™ ^ in the C°°-category. 

Because of the choice of S, for any point y G eJ, there exists an open disc A C 
with the following properties: 
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(A'l) A n S = {y}, and A intersects transversely at y, 
(A''2) f~^{A) is a complex manifold, 

(A^S) /|/-i(A) • f~^{^) — ^ A is a onc-dimcnsional family of complex analytic 
spaces that is locally trivial in the C°^-category over A \ {y}, and 

(A''4) the central fiber Fy := ,f^^{y) is an irreducible hypersurface of /~-^(A), 
and Fy \ {Fy n Sing(/)) is non-empty and connected. 

Moreover the diffeomorphism type of /|/-i(a) • /~^(^) ^ ^ depends only on the 
index i of S j . 

We put 

X« := r\y% /" := : ^» - YK ef := and e« := 

Then each Q\ is an irreducible hypersurface of X", and 9" is a disjoint union of 
e}, . . . , e?v. Note that we have X° = X^\ QK 

Remark 3.7. By the condition (CI), the Zariski closed subset of X is also 

of codimension > 2, and hence the inclusions induce isomorphisms 'K\{X'^,h) = 
TTi (X, h) and TTi (r « , 6) ^ TTi {Y, h) . 

We introduce notions of transversal discs, leashed discs and lassos. 

Definition 3.8. Let _ff C M be a reduced hypersurface of a complex manifold M 
of dimension to, and let Hi,. . . ,Hi be the irreducible components of H. We fix a 
base point bM & M\H . 

(1) Let A'' be a real fc-dimensional C°°-manifold with 2 < fc < 2to (possibly with 
boundaries and corners), and let (p : N ^ M he a, continuous map. Let p be a point 
of N that is not in the corner of N. If fc = 2, we further assume that p ^ dN. We 
say that cj) : N ^ M intersects H at p transversely if the following hold: 

(01) </)(p) e iJ\Sing(if), and 

{(j)2) there exist local coordinates {u\, . . . ,Uk) oi N bX, p and local coordinates 
(ui, . . . , V2m) of the C°°-manifold underlying M at (/i(p) such that 

• p=(0,...,0), 0(p) = (O,...,O), 

• if p e dN, then A'' is given by Mfc > locally at p, 

• H is locally defined by ui = 112 = in M , and 

• (/) is given by {ui, . . . ,Uk) ^ {vi, . . . , V2„i) = (wi, . . . , Ufe, 0, . . . , 0). 

We say that (p : N ^ M intersects H transversely if 4>~^{H) is disjoint from the 
corner of A'' (when fc = 2, we assume that (j)~^{H) fl dN = 0) and (j) intersects H 
transversely at every point of (f)^^{H). 

If (j) intersects H transversely, then (f)^^{H) is a real (fc — 2)-dimensional sub- 
manifold of A'". If fc > 2, then the boundary of ^~^{H) is equal to 4>~^{H) fl dN, 
while if fc = 2, then (f)^^{H) is a finite set of points in the interior of A''. 

(2) A continuous map 6 : A M is called a transversal disc around Hi if 
d~^{H) — {0}, (5(0) e Hi and S intersects H transversely at 0. In this case, the 
sign of 6 is the local intersection number (+1 or —1) of S with Hi at (5(0). 

(3) An isotopy between transversal discs S and 6' around Hi is a continuous map 

h : Ax I ^ M 

such that, for each t £ I, the restriction St := /i|Ax{t} ■ A ^ M of h to A x {t} is 
a transversal disc around Hi, and such that = ^ and = i5' hold. 
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(4) A leashed disc around Hi with the base point 6m is a pair p = {S,ri) of a 
transversal disc S : A ^ M around Hi and a path rj : I ^ M \ H from (5(1) = 
8^6(0) = deS{l) to &Af . (Recall that d^S is the loop given by i i-^ S{cxp(2Tr^—lt)). 
Sec Convention (3).) The sign of a leashed disc p = {6, if) is the sign of 5. 

(5) The lasso \{p) associated with a leashed disc p = {5, rj) is the loop r}~^- {deS)-r] 
in M\H with the base point &m- 

(6) An isotopy of leashed discs around Hi with the base point 6m is the pair of 
continuous maps 

{h^,hi) : (A,/) X/ -> {M,M\H) 

such that, for each t G I, the restriction of {h^, hi) to (A, /) x {t} is a leashed disc 
around Hi with the base point 6m- 

Remark 3.9. The isotopy class of a leashed disc p is denoted by [p]. If [p] — [p'], 
then [X{p)] = [A(p')] holds in 7ri(M \ H, bM)- 

The following is obvious: 

Proposition 3.10. (1) Any two transversal discs around Hi with the same sign 
are isotopic. 

(2) The homotopy classes of lassos associated with all the leashed discs around 
Hi with a fixed sign form a conjugacy class in 7ri(M \ iJ, 6m)- 

(3) The kernel of the homomorphism 7ri(M\ H^Im) — * 7i'i(M, 6m) induced by 
the inclusion is generated by the homotopy classes of all lassos around Hi, . . . , Hi. 

We apply these notions to the hypersurfaces 

S» = S? U • • • U Sjv of y", and e» = 9? U • • • U 6^ of XK 

Definition 3.11. (1) A transversal lift of a transversal disc 6 : A ^ around 
is a lift 5 : A —> of (5 with 5(0) ^ Sing(/) such that 5 intersects the irreducible 
hypersurfacc transversely at 0. 

(2) Let p = {5, 7]) be a leashed disc around S? with the base point 6. A transversal 
lift of p is a pair p = {5, if) such that 5 : A — > is a transversal lift of J : A ^ 
and : 7 ^ X° is a lift of 7/ : / ^ Y° such that ^(0) = ~5{l) and ^(1) = 6. 

Remark 3.12. Any transversal lift of a transversal disc (resp. a leashed disc) around 
Yj\ is a transversal disc (resp. a leashed disc) around Moreover the lifting does 

not change the sign. 

Definition 3.13. (1) Let 5q and 5i be two transversal discs on y" around S-, and 
let /i : A X / — > y*' be an isotopy of transversal discs from to ^i. A lift of the 
isotopy /i is a continuous map 

/i : A X / ^ 

such that, for each t G I, the restriction St := ^|Ax{t} is a transversal lift of 
the transversal disc 5t :— ^|ax{(} o^. YK In particular, we have f o h — h and 
h{A X /) n Sing(/) = 0. Moreover h is an isotopy of transversal discs around 0- 
from 6o to Si. By abuse of notation, we sometimes say that the isotopy St is the 
transversal lift of the isotopy St, understanding that t is the homotopy parameter. 

(2) Let po and pi be two leashed discs on y" around to s|, and let {h^,hi) : 
(A, 7) X 7 — > {Y^,Y°) be an isotopy of leashed discs from po to pi. A lift of the 
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isotopy (^Ai hi) is a pair of continuous maps 

ChA,hi) : (A,/)x / ^ 
such that, for each t € I, the restriction pt := {h^, ^/)|(a /)x{t} is a transversal hft 
of the leashed disc pt (/iaj ^/)l(A,/)x{t} 

The following are obvious from the condition (AM): 

Proposition 3.14. Every transversal disc around has a transversal lift on XK 
Moreover, every isotopy 6t of transversal discs around from Sq to Si lifts to an 
isotopy 5t from a given transversal lift 6q of Sq to a given transversal lift Si of 5i. 

Remark 3.15. Every leashed disc on F" around has a transversal lift on XK 
Moreover, every isotopy pt of leashed discs on has a lift pt on X^ from a given 
transversal lift po of po, but the ending lift pi cannot be arbitrarily given. 

Definition 3.16. Let p be a leashed disc on around , and let p be a transversal 
lift of p. Then we have the lasso X{p), which is a loop in X° with the base point b. 
Recall that p is the lifted monodromy. We put 

Proposition-Definition 3.17. Let p' he a leashed disc on Y^ isotopic to p, and 
let p' be a transversal lift of p' . Then we have 

N{p) = N{p'). 

Therefore, for an isotopy class [p] of leashed discs on Y'^ , we can define a normal 
subgroup N^p^ of 'Ki{Fb,b) by choosing a transversal lift p of a representative p of 
[p], and putting 

N^P^ N{p). 

Proof. By Remarks 13.91 and 13. 15i the isotopy from p to p' lifts to an isotopy from p 
to some lift p[ of p' , and we have [A(p)] = [A(p'j)] in ni{X°,b). (However [A(p'j)] and 
[A(/5')] may be distinct in general.) Therefore it is enough to show that N{p^-^'>) = 
7V(p(2)) holds for any two transversal lifts p^^) = (^(i),?]^!)) and p^^) ^ (^(2)^^(2)-) 
of a single leashed disc p = {S,r]) on YK We can assume that the transversal disc 
(5 : A — !■ y" around is an embedding of a complex manifold. We denote by Ap 
the image of 6, and by Ap the interior of Ap. We can further assume that Ap is 
sufHciently small, and that 

Ep:=f-\Ap) 

is a smooth complex manifold by the condition (A" 2). We then put 

E, -/-^(Ap), ^/-^(A;), 

where A^ := Ap \ {^(0)} = Ap n r°. We also put q := 6{1) = 77(0) € dAp and 

qW ^(i)(l) = 77(1) (0) e F„ ^ -(2)^^^ ^ 

Since / is locally trivial over 77(1) C Y° and n — [dl x I) U {I x {!}) is a strong 
deformation retract of J x /, there exists a continuous map fl : I x I ~> X° such 
that the following hold for any s,t ^ I: 

f{n{s,t))=7j{t), n{s,l) = b, r!(0,i)=ry«(i), n{i,t) ^ f,^^\t). 
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Figure 3.2. The map fl 

(See Figure 137^ ) Then, for each t £ I, the map s i-^ ^{s,t) is a path in i^,,(t) from 
77(1) (i) to jy^^H*)- We denote hy lu : I ~* Fq the path in from g^^) to g^^) defined 
by w(s) r2(s, 0). Then we have the following commutative diagram: 

II M-i' M4' 

where iq : Fq ^ Ep is the inclusion. Hence, in order to prove N{p'^^'>) — Nlp^^^^), it 
is enough to show the following equality: 

[r)W];i(7V(p«)) = Ker(*,, : 7ri(F„9W) 7ri(;E„gW)). 

Since /|-g : Ep ^ Ap is locally trivial over with the general fiber being 
connected by (CO), and since there exists a cross-section 

of /|-^ given by the transversal lift S'^^^ of ^, we have an exact sequence 

1 ^ ^i(F„gW) ^ 7ri(;B;,gW) ^* 7ri(A;,g) ^ 1 
with the cross-section 

. : 7ri(A;,g) ^ n,{Ep,<l^'^) 
of (/|-gx)* that maps the positive generator [df;S] of TTi{Ap,q) = Z to [9e(5^^^] G 

7ri(i?^ , By the cross-section "(5^^^ of /|;g over Ap, we have the classical 

monodromy action of 7ri(Ap ,(/) on ni{Fq, q^^^^). By the definition, the action of 
[d^S] e 7ri(Ap , q) is equal to 

g ^ g^^l^''^''']) ^[dj(^)]-^ .g.[dj(')] for geMFq,q), 

where the product is taken in TTi{Ep , (f^^) and 7ri(_F'q, if^^) is regarded as a normal 
subgroup of 7ri(i?p , (j^^^) by iq^,. Hence, by Lemma ^IM 'Ki{E^ ,q^-^^) is isomorphic 
to the semi-direct product nilFq, q^^^^) xi 7ri(Ap ,g) constructed by the monodromy 
action. On the other hand, by the condition (AM), the central fiber ^5(0) of Ep —> 
Ap is an irreducible hypersurface of Ep, and hence the kernel of 

J. : ^i(:Bp',g«) ^ MEp,q(^^) 
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induced by the inclusion j : ^ Ep is generated by the conjugacy class of lassos 
around ^^(o). (See Proposition EIHl) Since dj'-^^ ^ A(^(i)) is a lasso around 
i^5(o), the kernel of is equal to the normal subgroup (({[^e^*^^)]})) = ((Im(.s))). By 
Lemmas 12.31 and 12.61 the kernel of the composite 

^liF^q'-'y) ^ ME;,q^'^) ^ m(Ep,q('^)=m{E;,q^'^)/{{lm{s))) 
is equal to 

iV':=({.g-V([^=''''l' I 5€7ri(F„gW)}). 

Since [77(i)]45^([^'^*"l)) = {[fi^%ig)T^^^^P^'^'>^'> for any g e 711(^5,5(1)), we see that 
[77(1-']* induces an isomorphism TV' ^ Af(p(i)). □ 

Proposition 3.18. Let 7 : {I,dl) {X°,b) be a loop, and we put J f o j. 

Then, for any leashed disc p ~ [S,!]) on around E', we have 

Proof. Let g be an element of 7ri(Ffc,6), and let h denote g^(I^l). Then, for a 
transversal lift p — (S, fj) of p, we have 

(^-l^M([A(p)]))M([7l) = ;j-1/jM([7]-MA(p)][7])^ 

Since "i~^\{p)^ = 7"^??"^ ■ d^5 • 777 is a lasso associated with the transversal lift 
((5, 777) of the leashed disc {5, r/j), we obtain the proof. □ 

Corollary 3.19. //iV^ = 1 holds for one leashed disc p around S; , then we have 
Ar[pl = 1 for any leashed disc p around E". 

We can now state the main result of this section. 

Theorem 3.20. Suppose that the conditions (CI), (C2) and the following condi- 
tion (Z) are satisfied: 

(Z) There exists a continuous cross-section sz ■ Z ^ f^^(Z) of f over a 
subspace Z d Y satisfying 6 G Z, sz{b) = b, sz{Z) D Sing(/) = and such 
that the inclusion Z ^ Y induces a surjection 'K^iZ, b) — »■ tt2{Y, b). 

Let C be the set of isotopy classes of all leashed discs on Y^ around E^, . . . 
Then Ker(i*) is equal to 

Remark 3.21. If 7r2{Y) = 0, then the condition (Z) is always satisfied, because we 
can put Z — {b} and sz{b) — b. 

For the proof, we define the notion of free loop pairs of monodromy relation type. 
Let §1 denote the oriented circle. 

Definition 3.22. Let T be a topological space. A free loop on T is a continuous 
map (/3 : §1 — !■ r. A homotopy from a free loop to a free loop Lp' is a continuous 
map $ : X / — > T such that <&|six{o} = V ^^'^ ^|six{i} = v'- The homotopy 
class of a free loop is denoted by [<^]fl- 
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Suppose that T is path-connected, and let br be a base pomt of T. Then the 
natural map [a] i-^- [aJpL induces a bijection from the set of conjugacy classes of 
7ri(T, bx) to the set of homotopy classes of free loops on T. 

Let D be a topological space homeomorphic to A, let b^ be a point of D, and 
let dD be the boundary of D with an orientation. 

Definition 3.23. A free loop pair is a pair 

{^A^\dDr) ■■ {D,dD) ^ {Y\X°) 

of a continuous map ip : D Y° and a lift {ip\dD)^ ■ dD X° of the restriction 
iploD -.dD^Y" of V' to dD. 

Remark 3.24. The notation {ip, (iplaD)") ■ (D, dD) {Y° , X°) for a pair of maps 
is different from the usual notation in topology, because X° is not a subspace of 
Y° . The same warning is also applied to Definition 13.271 

Let {ipldo)"') ■ {D,dD) {Y°,X°) be a free loop pair. Consider the pull- 
back 

V'*(r) : ^p*{X°) := X° Xyo D ^ D 

of the locally trivial map /° : X° Y° by tp. Since D is contractible, we have a 
contraction c : ^*{X°) —^ F^^p^'^, which is the homotopy inverse of the inclusion 
P-ipibn) ^ ip*{X°). Then the cross-section 

^^ur ■■ dD ^ r{x°) 

of tl>*{f°) over dD obtained from (V'lai))"' : dD X° defines a homotopy class 
[(V'|ar>)~]FL of free loops on i^0(6^) via the contraction c, and hence a conjugacy 
class C{ip, {tlj\dD)^) of 7ri(F^(f,^), 5'), where b' G F^(bo) arbitrary base point. 

Remark that 0(1/", ("0190 )~) does not depend on the choice of the contraction c. 

Definition 3.25. We choose a path a in X° from b E to b' E F^(^i,^y We say 
that the free loop pair 

{i^AMdoD ■■ {D,dD) ^ {Y°,X°) 

is of monodromy relation type around if the pull-back of the conjugacy class 
C(i/', (V'laD)") C 7ri(F^(f,^),6') by the isomorphism [5]* : 7ri(Ffc,6) ^7ri(F^(fc^),6') 
is contained in N^p^ for some leashed disc p on around E?. 

Remark 3.26. It is obvious that this definition does not depend on the choice of the 
orientation of dD. It also follows from Proposition 13.181 that this definition does 
not depend on the choice of the path a connecting b E Fb and b' E F^(^ii^y 

Definition 3.27. A homotopy of free loop pairs is a pair of continuous maps 

{KihUD ■■ {D,dD)xi ^ 

such that, for each u E I, the restriction of {h, (/i|aD)~) to {D, dD) x {u} is a free 
loop pair. 

Remark 3.28. Suppose that two free loop pairs are homotopic. If one is of mon- 
odromy relation type around S', then so is the other. 
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Remark 3.29. Let ipu '■ D ^ Y° be a homotopy of continuous maps from ipQ to t/^i 
parametrized by u e /. Since f° is locally trivial, the homotopy ipu\dD ■ dD Y° 
lifts to a homotopy '■ dD X° that starts from any given lift ('0o|an)~ 

of ■f/'oloD and hence we obtain a homotopy (V'u, (V'mIsd)"") of free loop pairs starting 
from a given (ipoi (V'o|9d)~)- (The ending lift (i/'i|a_D)~ cannot be arbitrarily given.) 

Proposition 3.30. Let Sq and Si be two transversal discs on around s', and let 
h : Ax/ Y^ be an isotopy of transversal discs from 6o = ^|ax{o} ^'^ '^i — ^Iax{i}- 
Let D be a closed subset of dA x (/ \ dl) homeomorphic to A, and put 

T -.^diAx L)\{D\dD), 

so that dT = dD. Suppose that we are given a lift 

{h\Tr --T ^ 

of h\T '■ T ^ Y'^ such that the restrictions 

^o:=(/i|t)~|ax{o} : A->X« and := (/i|t)^|ax{i} : A ^ X« 
are transversal lifts of 6q and 5i , respectively. Then the free loop pair 

{h\D,{h\Tr\aD) : {D,dD) ^ {Y°,X°) 
is of monodromy relation type around . 

Remark 3.31. In Figure [231 the closed subset D is the region surrounded by the 
dashed curve on the right tube Ax/. 

Proof of Provosition \3.30l First note that, since h is an isotopy of transversal discs, 
the image of dA x / by /i is contained in Y°, and hence we have h\D{D) C Y° . 

By Remarks 13.281 and 13.291 we can assume that D n ({1} x /) = by moving 
D by a homeomorphism of dA x / homotopic to the identity. We consider the 
continuous map 

T : ^ dA X I 

given by t(s, t) (exp(27rV^s), t). Then we have D C t{I^ \ dP) and T{dP) C 
T. Under a suitable homeomorphism between D and I^, the inclusion D ^ dA x / 
is homotopic to r. We put 

Ho:^hoT : ->Y° 
and define a lift (//o|a/2)~ of //o|a/2 by 

{H„\gj2r := {hlrr o {t\oj2) : dl' ^ X" . 
By Remarks 13.281 and 13.291 again, it is enough to prove that the free loop pair 

(//o,(//o|a/0~) : {I^dL') ^ (y°,X°) 
is of monodromy relation type around . For simplicity, we put 
q := 6a{l) = h{l, 0) = /fo(0, 0) - Hoil,0), and 
q := ^o(l) = (/i|t)~(1,0) = (//o|a/2)~(0,0) = (//o|o/2)~(l,0) e F,. 
By Proposition 13. 14|, we have an isotopy 

h^ : Ax L X^ 
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Figure 3.3. (/i|t)" and 



of transversal discs around 9- from Jo = (^|t)"'|ax{o} ^i = (^|t)~|ax{i} that 
is a lift of the isotopy /i : A x / F " ; 

In Figure [3?3l the left tube is , while the barrel with a hole is {h\T)^ ■ We put 

<5i :=/.Ux{t} : A ^ y« and ~5t := h'^\-^,{,y. K ^ XK 
Then 5t is a transversal lift of St- Next we put 

fco := h\{i}y.i ■■ I ^ Y°, 
which is a path on Y° from q = (5o(l) to (5i(l), and 

fco (^|t)'"|{i}x/ = (^ols/O^koix/ = {Ho\ai2y\{i}xi, 

which is a lift of fco from q — 6o{l) to Si{l). Note that, with the base point (0,0) 
and the orientation of dl^ given in Figure [33 the map (7Jo|a/2)~ : X° is 

equal to 

fco • dji ■ k^^ ■ dj^^ 
as a loop with the base point q = (iJo|a/2)~(0, 0) G Fg. We define a homotopy 

Hu : ^ Y° (u e I) 

with u being the homotopy parameter by Hu{s,t) := Ho{s,{l — u)t), and will 
construct a homotopy (ifula/^)'" : dl^ X° that covers the homotopy Hu\di^ and 
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the base point (0, 0) 




(1,1) 



(1,0) 



Figure 3.4. An orientation of dP 




ko 



Figure 3.5. The map K 



starts from {Ho\gj2)~ above. We define 

K : I X I 



by K(t,u) := fco((l — u)t), and put ku '■— -fS^|/x{M} for u <E I. Then k^ gives a 
homotopy with parameter u € I from fco to the constant map fci = Iq. We then 
define a hft iK\u)^ : U ^ X° of K\u : U ^ Y°, where U {dl x /) U (/ x {0}), 
by the following: 

{q ift = 0, 

fco(t) ifu^O, 
(5i_„(l) = - It) ift^l. 

Since f° is locally trivial, the lift {K\u)" extends to a lift X : / x / -> X° of K. 
(See Figure 15751 ) Then we obtain a lift 



K\ 



/x{u}, 



of ku, which is a path from q ^ Fq to the point — h^{l, 1 — u) of -F5i„„(i). 

(See Figure inSl) We then define a hft 

iHu\9i2r ■■ dl^ ^ X° (uel) 

of Hu 1 9/2 as a loop by 

ku ■ dji-u ■ k~^ ■ deS^^, 
where dP is oriented and segmented as Figure [?7^ above. Then (iJ„, (iJ„|a/2)~) is 
a homotopy of free loop pairs parametrized by u e /. By Remarks 13.281 and 13.291 
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Figure 3.6. The loop (i?„|a/2) 



dJo 
^ — 




I ^ 1 

Figure 3.7. Two figures for {Hi\qi2)~ = h ■ dJo ■ fcf ^ • dj^^ 
again, it is enough to prove that the free loop pair 

is of monodromy relation type around . Note that 

(i/l|g/2)~ = fci • dJo ■ fcf ^ • djg^, 

(see Figure [3771) . and that the lift ki of the constant map fci = Ig is a loop in Fq 
with the base point q. Since Hi{s,t) = Ho{s,0) = 9e(5o(s) for any t, the pull-back 

of f° : X° Y° by i7i is the product of the pull-back 

(d.Sonr) : (ae<5o)*(X°) ^ / 
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I {deSoTin 



• ^ • 

deSo 

Figure 3.8. The loop a = ^) • {'dJo) ■ (fcJ^V^ ' i'deSo)-'^ 
of f° by di^Sf) : I Y° and the identity map of the second factor /. Let 

be the cross-section of Hl{f°) over dP obtained from (_ffi|g/2)~. We wiU describe 
the image of the free loop ''(-ffila/s)'" by a contraction 

c' : Hl[X°) ^ Fq. 
We construct the contraction c' as the composite of the projection 

pri : {H^\ai.r ^ {deS^nX") 
onto the first factor and a contraction c : (9e(5o)*(X°) F^. Let 

a : 9/2 (ae5o)*(^°) 

be the composite of ''(i/i|g/2)~ with the projection prj^. The fibers Fg^"* and Fq^^ 
of (ae(5o)*(/°) : {de5o)*{X°) I over e / and 1 G / are canonically identified 
with Fq. Let g'"^ e /'q'^'' and g'-^^ € Fg^-* be the points corresponding to g G Fq. 
Then (//i|a72)'~'|{o}x/ (resp. (//i|a72)'"|{i}x/) gives rise to a loop fc^"^ in F,"'' with 
the base point q^^^ (resp. a loop k!"^^ in Fq^'^ with the base point g^^-*). Each of them 
corresponds to the loop fci by the obvious identifications [Fq , q) = [Fq^'' , g*^°^ ) — 
{Fq^\q^^''). On the other hand, the loop d^So gives rise to a cross-section 

of {deSo)*{f°) that connects g(°) and g(i). The loop cr on {deSQ)*{X°) is then equal 
to the conjunction 

ik['^)-CdJo)-{k^i^r' -i'dJor'- 
iSee Figure [3?H1) We denote by 5 C {deSQ)*{X°) the image of the section "deSg, 
and choose a contraction 

c : m6onX°),S) (Ff),g(o)) = (F„ g) 
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to the fiber over G / that contracts the section S to the point q. We put 

7:=Ai([4^o])e Aut(7ri(F„g)). 
By the definition of the lifted monodromy, the loop 

on de6Q{X°) is contracted by c to a loop in Fq that represents 

while the loop fcj"'' on Fg*''' obviously represents [fci] G Tri{Fq,q). Therefore, by the 
contraction c, the loop a on (deSo)*{X°) is mapped to a loop that represents 

where k :— ([fci]'-'*' ^)^^- Hence the conjugacy class of TTi{Fq,q) corresponding to 
the free loop pair {Hi, {Hi\qj2)"") is contained in the normal subgroup N{deSo) — 
jsiI^eSo] generated by the monodromy relations along [9e(5o]. □ 

Corollary 3.32. We put 

T := {(.T,y,z)eM^ I x2+2/^<l,ze/}, 
Aq := {(.T,y,z)eT | z — Q}, and 
T := {{x,y,z)(^T \ +y'' = l}\jAi = 5T\A°, 

where Aq is the interior of the closed disc Aq. Let ip :T ^Y'^ he a continuous map 
such that ipiT) n C and 

^-i(sf) = {(x,0,z)eT I + (z - 1)2 ^ 1/2 } 

hold, and such that '■p\ai '■ Ai ^ Y*** intersects S'* transversely at (±l/\/2, 0, 1). 
Suppose that we have a lift {^p\t)^ '■ T — > X'^ of (p\t : T —> Y^ that intersects 
transversely at the two points (±l/\/2, 0, 1). Let ('^|T)"'|aAo • dAo X° be the 
restriction of (iplr)^ to dT = OAq. Then the free loop pair 

is of monodromy relation type around . 

Corollary 3.33. Let S : A Y^ be a transversal disc around S', and let S and S' 

be two transversal lifts of S. We put q :— 6(1) and q := (5(1) € Fq, q' :— 5'{1) G Fq. 
Suppose that we are given a path jq : L Fq from q to q' . Then we can deform 
7o to a path 74 on i^a^5(t) from 8^5 (t) to deS'(t); that is, we have a continuous map 
T : I X I ^ X'i such that 

f{T{s,t)) = dJ{t), r(s,0)=7o(s), T{0,t)=dj{t), T{l,t) = dJ'it), 

and 74 := r|/x{t}- Consider the path 71 on Fq from q to q' . The conjunction 7o7]~"'^ 
is a loop on Fq, which we write 7o7j~"'^ : dD Fq, where D is homeomorphic to A. 
Then the free loop pair 

(l,,7o7r') : iD,dD) ^ {Y°,X°) 
is of monodromy relation type around . 
Now we start the proof of Theorem 13.201 
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Figure 3.9. The map h' 



Proof of Theorem \3.2(A By Proposition 13.31 we have N^p'^ C Ker(i») for any [p] G 
£, because the lasso A(/5) is null-homotopic in X for any transversal lift p of p. 
Therefore M C Ker((.*) follows. 

Let a loop 7 : (/, 9/) — > (Ff,, 6) represent an element [7] of Ker(t*). We will show 
that [7] G N. There exists a homotopy 

h : (/2,n) ^ 

from 7 to Ij, in X stationary on dl\ that is, /i|/x{o} = 7 and /i|n = Ig, where 
n := [dl X /) U (/ X {1}) c P. By the condition (CI), we can perturb h so that 

h{I^) n Sing(/) = 

lb, the map f o h : P 
TT2{Y, b). By the condition (Z), we have a continuous map 

such that [/ o /i] + [iz o I] = holds in 7r2(F, b), where iz ■ Z 
We then consider the continuous map sz o iz ° I ■ {P, dP) - 
with h' : n) ~* {X, b) defined by 



(3.1) 

holds. Since (/ o h)\gj2 



Y represents an element of 



> Y is the inclusion. 
{X, b) . Replacing h 



h'{x,y) 



h{x,2y) 

sz oiz o l{x, 2y 



if 2y < 1, 
if 2y > 1, 



we have 
(3.2) 

(See Figure 



[foh]=0 in TT2{Y,b). 
) Moreover, since sz{Z)nSmg{f) = by the condition (Z), we still 



have p.ip . Then any small perturbation of foh can be lifted to a small perturbation 
of h. Since S is of codimcnsion > 2 in F, we can assume that (/ o h){P) n S C E", 
and that foh intersects transversely (see Definition 13. 8p . We put 

(/o/i)-i(E«) = {Pi,...,P4 c P\di\ 

We will construct a continuous map 

J -.V ■.^P\{DlVJ---iJDl,) ^ X« 
with the following properties: 
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(jl) Di, . . . , Dm are mutually disjoint closed discs in \ {dP U {Pi, . . . , Pn]), 
and Z?° is the interior of Z?^; in particular, V contains Pi, . . . , P„ in its 
interior, 

(j2) j{dP) ^ {&}, 

f ° 3 = f ° h\v holds, and hence we have j ^(0") = {Pi, . . . , Pn}, 

(j4) j intersects transversely at the points P^ ior v — 1, . . . ,n, and 

(j5) for each D^, the free loop pair 

afoh)\D,,j\aDj : {D^,dD^) ^ {Y\X°) 
is of monodroniy relation type. 
By (|3.2p . there exists a homotopy 

H : {l'xI,B) ^ (y,6) 

from / o /i to lb that is stationary on dl^; that is, H\i2y^Q-^ = f oh and H\b = lb, 
where 

P := {dl^ X /) U (/2 X {1}) c X I. 
Since S is of real codimension > 4 in F, we can perturb H and assume the following: 
(HI) H{P X /) n S is contained in E«, 

(H2) H intersects transversely (in the sense of Definition 13. 8p . so that 

L := P-1(E«) 

is a disjoint union of smooth real curves, and 
(H3) the projection pr^ : L ^ I to the second factor of x J has only ordinary 
critical points in i; that is, pr^ is a Morse function on L. 

We have 

9L = P n (/2 X {0}) = (/ o h)-\Y}) = {Pi, . . . , Pn}. 
Let Pi, . . . , Lk be the connected components of P. Then each P„ is a curve con- 
necting two points of {Pi, . . . , Pn}, or a curve without boundary. In particular, the 
cardinality n of the points (/ o h)~^{T,'^) is even. 

We denote by p'^ , . . . (resp. , . . . the critical points in L \ dL of the 
projection pr^ : P — > / at which the Morse function pr^ attains a local maximum 
(resp. a local minimum), and call them the positive (resp. negative) critical points 
ofpvj^. (See Figure [3. 10[ in which P is drawn in thick curve.) 

Let T and be as in Corollarv 13.321 For each negative critical point p~, we 
can choose a continuous map 

: T ^ /2 X / 

with the following properties: 

(rl) each is a homeomorphism onto its image :~ t^{T)^ and Ti, . . . , P,„ 

are mutually disjoint, 
(t2) there exists a strictly increasing function t^ : I ^ I with tp(O) — that 

makes the following diagram commutative; 

T ^ /2 X / 

i i 
I ^ /, 

where the vertical arrows are the projections onto the last factors, 
(r3) T-\d{P X /)) = Ao and t^(Ao) C (/^ \ dP) x {0}, 
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/ 1 i ' 











A: the points pj^, V: the points . 

Figure 3.10. L and T 

(r4) T-i(L) ^ {(x, 0, z) e T I x2 + (z - l)^ = 1/2} and t^(1/2, 0, 1/2) = p^, so 

that p^ is the only critical point of pr^ in H L, and 
(r5) if o (r^Ui) : Ai ^ intersects S" transversely at (±1/^2,0, 1) G Ai. 
We put 

r:=TiU---UT„. 
(In Figure [5.101 each is depicted by dashed curves.) We also put 

T° {(a;, y, z) e T | + < ^ < i} 
(the union of the interior of T and the bottom open disc), and 

r;:=r^(T°), T° :=T°U---Ur,° and J (/^ x /) \ T°. 
Note that J is the closure of {P x I)\T. Then 

L' ■.= Lr\J 

is a disjoint union of smooth real curves L'l, . . . , L[, and each connected component 
L'^ of L' contains exactly one positive critical point p1^ in L'^ \ dL'^. Moreover, each 
L'^ has two boundary points Q\ and Q\, each of which is either one point among 
{Pi, . . . , Pn} or one of r^(±l/V2,0,l) for some fi. If Qx is one of Pi, Pn, let 
D{Qx) be a sufficiently small closed disc on x {0} with the center Qx. If Qx is 
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one of T^(±l/\/2, 0, 1)), let D{Q\) be a sufficiently small closed disc on t^(Ai) with 
the center Q\. We choose a closed disc D{Q'^) with the center Q'^ in the same way. 
Note that H\jj(^q^-^ : D{Qx) and -ff |d(q^) ■ D{Qx) are the transversal 

discs around the irreducible component '^^x) '^^ ^^^^ contains H{p'^). Then, for 
each A = 1, . . . , we have a tubular neighborhood 

mx : A X I —f J 

of L'x in J with the following properties: 

(ml) each mx is a homcomorphism onto its image Mx, and Mi, . . . , Mi are mu- 
tually disjoint, 
(m2) m^\L') = {0} x / and toa({0} x /) = L\, 

(m3) mx is differentiable and locally a submersion at each point of {0} x /, and 
(m4) m-\dJ) = A x dl and mx{A x {0}) = D{Qx), mxiA x {1}) = D{Q\). 

Then the composite H o mx : A x / ^ is an isotopy between the transversal 
discs -H'Id(Qx) and H\d{q'^). We put 

M := Ml U • • • U Ml. 

Let ca G / be the real number such that mx{0, cx) ^ Px- We choose a point p^' on 
mx{dA X {cx}) C dMx and a path 

wx : I ^ J 

from pj' to a point pj" of x {1} with the following properties: 

(wl) each wx is a homeomorphism onto its image Wx, and Wi, . . . ,Wi are mu- 
tually disjoint, 
(w2) WxHM) = {0}, w^\dJ) = {1}, and 

(w3) the composite prj owa : / — > / of with the second projection x I I 
is strictly increasing. 

We put 

W -.^WiU-'-UWi. 

In Figure [3.111 two of AIx U VFa are illustrated. The ceiling is x {1}, from which 
Wx are dangling, and the tubes are Mx- 

The following fact is the crucial point in the construction oi j : V ^ X'^: 

(3.3) B (J M U W is a strong deformation retract of J. 

We choose transversal lifts (-ff|D(QA))"^ ^^'^ (^Is(Q'a))"^ ^^"^ transversal discs 
^\d{Qx) and i?|£)(Q^) around respectively. Then the isotopy Ho mx : A — > 

between -ff|£)(QA) ^'^^ -f'^lr>(Q^) lifts to an isotopy between (-ff Id(Qa))"' ^^"^ 
(iJ|£)(Q'^))~, which yields a hft (_ff|Af^)~ of H\mx- Hence we obtain a lift 

(i/|Af)~ : M ^ X» 

of H\m- We define a lift {H\b)"' of iJjs to be the constant map Ij^. Then we can 
lift the path H owx to a path from {H\m)"^ {p^') to {H\b)^ {Px") = and thus we 
obtain a lift 

(Hlwr : W ^ 
of iJlvv. Joining these three lifts together, we obtain a lift 

{H\BuMuwr : BUMUW X^ 
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Figure 3.11. Two of Mx U Wx 

of H\b\jmuw ■ By the fact (|3.3p . we can extend the lift {H\b\jmuw)"' to a hft 

{H\jr : J ^ X« 

of because the puU-back of /» : X» ^ by H\j : J ^ is 

locally trivial over the complement of the interior of M in J . 

Recall that the floor P x {0} of the source space x I oi H \s the source space 
P oi f o h. For /i = 1, . . . , m, we put 

:= r^(Ao). 

These -Di, . . . , satisfy the condition (jl). Then 

^ := /2 \ (Z?? U • • • U D°J 
is identified with J n (/^ x {0}). We put 

J := (i?|jr|y, 

which is a lift of / o = Hence j satisfies (j3). It is obvious that j 

satisfies (jl) and (j2). Since {H\m)"' is constructed as a union of isotopies of 
transversal discs around O", the continuous map 

]\Mnv = {H\Mr\Mnv : MnV ^ X« 

intersects 8" transversely at each P,^. Therefore j satisfies (j4). By the properties 
(t4) and (r5) of and Corollarv l3.32[ we see that j satisfies (j5). Thus we have 
constructed a continuous map j : V ^ X'^ which satisfies (jl)-(j5), as is expected. 

For v — 1, . . . , n, we choose a sufficiently small closed disc Dm+u with the center 
Pi, in P \ dP in such a way that the m + n closed discs Di , . . . , Dm+n are mutually 
disjoint. 
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Pi P2 



P3 P4 



Pb P& 



Figure 3.12. The paths 



For each = 1, . . . , to + n, we choose a path 

a^: I ^ 

from a point i?,^ = (/O^.O) Six {0} to a pomt S'^ €E with the following 

properties: 

(al) < pi < • • • < p,n+n < 1, 

(a2) each is injective and the images Qf^(/) (/i = 1, . . . , m + n) are mutually 
disjoint, and 

(a3) a-^dP) = {0}, a-^{D^) = {!}, and a-\D^,) = %ii^i^^i'. 

In Figure I3.12[ the paths are illustrated by thick curves. Then there exists a 
continuous map 



i : V 



with the following properties, where I := / = [0, 1] C M. (We use the boldface I to 
distinguish the source plane and the target plane P of £.) 

(£1) £ induces a homeomorphism from P \ dP to 



P\\^pyj \J{D,yja,{i))y 

(£2) if (a;, y) e H := {dl x I) U (I x {!}), then ({x, y) = (a;, y), and 



28 



ICHIRO SHIMADA 




lx{0} 





/x{0} 



Figure 3.13. The map I 



(£3) there exist real numbers c^, c?^, d' c' e I for /i = 1, 



n with 



< 


Cl 


< 




< 




< 




< 


< 


C2 


< 




< 




< 




< 


< 




< 


dm-\-n 


< 


d' 


< 


r' 


< 1 



such that the fohowing hold: 

- i{c^, 0) = l{c'^,0) ^R^elx {0}, 0) = £{d^, 0)^S^e dD^, 
^ ^l[c^.(i,,]x{o} is equal to via a parameter change [c^, d^] ^ /, and 

^1 c;jx{o} is equal to via a parameter change [c?^,cj^] = /, 
^ ^|[d^,ci^]x{o} is the loop that goes from to S"^ along dD^^ clockwise, 

and 

^ ^kc;_i,c„]x{o} is equal to the path [p^_i,p^] ^ / x {0} given by t i-> 
(t, 0) via a parameter change [cj^_i,c^] = where we put 

Po 0, Cq := and Pm+„+i := 1, Cm+n+i := 1- 

(See Figure 13.131 ) Since the image of £ is contained in V and is disjoint from 
{Pi, . . . , P„}, we have continuous maps 

jo£:T^ and ho£:i^ 

to X°. They satisfy 

/° o j o £ = /° o o ^ 
by the property (j3). By the properties (j2) and {£2), they also satisfy 

jo£\n = li and ho£\n^li. 
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We then define G : I x I ^ y° by the composition 

G • X I ^ rojoe=rohoe 

where pi\ is the first projection. We put 

G := (I^ X dl) U (n X I) C X I, 

and define a hft 

{G\cr : C ^ X° 
of G|c : G ^ Y° by the foUowing: 

{h{l{x,v)) ifz = 0, 
(G|c)^(x,y,z) -.^ \j{i{x,y)) ifz = l, 

\b if [x, y, z) e n X I. 

Since f° : X° Y° is locally trivial and G is a strong deformation retract of x I, 
the map {G\c)^ extends to a lift 

G : X I ^ X° 

of G : X I ^ Y° . By construction, for (x, i/) G I^, the restriction of G to 
{(x, ?/)} X I is a path in the fiber 

Ffohoe{x,y) = Ffojol{x,y) 

from the point h o £[x, y) to the point j o i?(a;, y). For a; e I, we put 

-P'lx] ■— Ffohoe{x,o) = Ffojoi{x.,a), and ^[j.] G|{(^^o)}xi '■ I — > -P^fi:]- 
Suppose that x ^ U™=!i"[cmi ^^1' that 

(x',0) :=^(a;,0) G / x {0}. 
By (j2), we see that Fj^,] is equal to Ff, and ^[^j is a path in from 0) — j{x') 
to j{x\0) = b. Moreover, we have ^[o] = ^[i] = If, because G|nxi — If,- Therefore, 
for = 0, 1, . . . , TO + ri, the path 

7p — 7l[p^,,Pf,+i] = ^l[pf,,Pf,+i]x{o} : [Pm'Pp+i] -^6 
is homotopic to the path ^j^, -^bi because the boundary of G|[c' ,cj,+i]x{o}xi 

is the loop ^j^, J • "7m ^ ^fc' where [c'^, c^+i] x {0} x I = P is oriented and 

segmented as in Figure Since 7 is the conjunction 7071 . . . jm+n, the homotopy 
class [7] G ni{Fh, b) is equal to 

[ ^K]^[ciV[ci]^[c2] ■ ■ + + „ + ] K[ciV[cil] ' [%2]%2]] [^[ci + .l^[c;„ + j]- 

(See Figure [3.141 ) Note that is a loop in with the base point b. It 

is enough to show that each K[~^]C[c']] ^ '^iiFb,b) is contained in iV^^'l for some 
transversal disc p around an irreducible component of S'. 
Consider the path 

5^ := j o : I X° 

from b to := j{Sf_,) G , where := /(j(S'p)) = /(/i(S'p)), and the induced 
isomorphism 
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Figure 3.14. The paths 7^ and C[Cf,],C[c;j 
This isomorphism maps [C[^^]$[c']] ^ '^i{Fb,b) to 

(See Figure ISTTSl ) We consider ^ ^^^"^ ^°°P ^ ^9^- ^® 

enough to show that the free loop pair 

is of monodromy relation type. 

Suppose that /i > m, so that is a disc with the center Pfj,-m G (/ ° 
Then (Iq^, j Cj^^jC^cc j) is of monodromy relation type by Corollary 13.331 Suppose 
that fi < m. By (j5), it is enough to show that the free loop pair (Ig,, j ]) 
homotopic to the free loop pair 

iifoh)\D,,j\9Dj : iD^,dD,) ^ iY°,X°) 
under a suitable homeomorphism A = D^. We put 

Consider the continuous map 

given by Cp-i^i t) ■— ^[x] (t)- With the base point and the orientation on the boundary 
of [c?^, d'^] X / given in Figure [3.161 the boundary of is equal to the loop 
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Kb 



^ ^ 















Figure 3.15. Deformation of the loop along 



the base point (d^, 1) - ^ (d^, 1) 



/l o I,. 



Figure 3.16. The orientation of 3([d^,(i' ] x /) 



with the base point (j^. Since the free loop ho is the boundary of /i|_D^, it is 
nuU-homotopic in X° . Hence the free loop • ^j^, j is homotopic to the free loop 
j o in X°. It can be easily seen that we can construct a homotopy of free loops 
from j\aDi_, = j ° Ifi to • ^j^, J in X° as a lift of the restriction to dD^^ of a 
contraction from f{h{D^)) to g^, because f{h{Df^)) C F° holds for /i < m. Hence 
(^9M'C[di]?[d;j) is homotopic to ((/ o /i)|d^, jIsdJ- □ 

The following is a semi-classical version of Theorem 13.201 

Theorem 3.34. Suppose that the conditions (CI) and (C2) are satisfied. Suppose 
also that there exist a reduced connected curve C (possibly singular and/or reducible 
and not necessarily closed) on Y and a continuous cross-section 

sc -c ^ r\c) 
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of f over C with the following properties: 

• C° :— CD Y° is non-empty and connected, and the inclusion C° ^ Y° 
induces a surjection 7ri(C°, b) —f* tti(Y° , b), where b G C° is a base point, 

• the inclusion C ^ Y induces a surjection tt2{C, b) — » t:2{Y, b), 

• sc(C) n Sing(/) = 0, and 

• for each irreducible component ofT, with codimension 1 in Y , there exists 
a point Pi € C D satisfying the following: 

— C and S are smooth atpi, and C intersects Si transversely at pi, 

— the cross-section sc is holomorphic atpi. 

By the cross-section sc, we have the classical monodromy action 

7riiC°,b) ^ Aut{7Ti{Fb,b)), where b -.^ sc{b) e Ft -.^ f-^{b), 
which we denote by g i—t g^ for u G 7ri(C°, b). Then Ker(i,) is equal to 

Nk ■■= { {g-'g"" I g e Mn, b), u e K} ), 

where K C 7ri(C°,6) is the kernel o/7ri(C°,6) —^ 7ri(C, 5) induced by the inclusion. 

Proof. First of all, remark that the condition (Z) is satisfied with C and sc being 
Z and sz in the condition (Z), and hence Ker(t») is equal to Af. 

Let 7 : (/, dl) (C°, b) be a loop that represents an element u of K. We have 
a homotopy (stationary on dl) h on C from 7 to It,. Then sc ° h is a, homotopy on 
X from 5(7 ° 7 to Ij;. By definition, the classical monodromy action by u is equal to 
the lifted monodromy action by [sc o 7] € T^iiX" , b). Since o 7 is nuU-homotopic 
in X, we see that g~^g^ = g^^f^^'d^cOT]) [g contained in Ker(t») by Proposition 13. 31 
Thus Nx C Ker(t») is proved. 

In order to prove Af = Ker(/,,) C Nk, it is enough to show that, for any leashed 
disc p = {S, rf) around an irreducible component of in y " , the normal subgroup 
N^P^ is contained in Nk- We have a point pi of Cn E^ at which C and E are smooth 
and intersect transversely. Let 

5,,c : A ^ C 

be a sufficiently small closed disc on C such that (5i.c(0) — Pi. Since sc is holo- 
morphic at Pi and sc(jpi) 4- Sing(/) by the assumption, := /^^(E) is smooth 
at sc{Pi), and sc ° 5i.c intersects Q at sc{Pi) transversely. If pi G S, then we 
perturb Si^c to a C°°-map J ■ ^ : A — > such that (5i,cbA = ^'i cloA- If Pi 4 
then we put 5[ q := 5i^c- Then (5^ ^ is a transversal disc around eJ such that 
(5,- (^(SA) C C°. Since sc{Pi) ^ Sing(/), we can lift the perturbation from 5i^c to 
5[ u io a perturbation from sq o 5i,c to 

Kc : A X« 

in such a way that 

~^'i,c\dA ^ SCO SlcldA = Sc° S,^c\dA, 

and that S'^ (j is a transversal lift of ^ around . The transversal disc S of 
the given leashed disc p = {6, rf) is isotopic to 5[ ^ (Proposition I3.10p . Hence p is 
isotopic to a leashed disc 

P = ('5^,C:'?') 
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for some path rj' on Y° from (5i.c(l) ~ S'^ E C° to b. Since C° is connected, 
there exists a path C on C° from b to ri'{Q) — 6i,c{^)- Then (rj' is a loop on 
Y° with the base point b. Since the inclusion C° '— > y° induces a surjection 
7ri(C°,6) TTi{Y°,b), there exists a loop ^ on C° with the base point b that is 
homotopic to (rj' in F°. Then p ~ [6,1]) is isotopic to the leashed disc 

PC ■■= (Slc^C'O- 

Note that is a path on C°. Since S'^ ^(1) = sc(^i c(-i))' the pair 

is a leashed disc, which is a transversal lift of pc- Hence A^I^'l is generated by the 
monodromy relations (^"^^''([-^(pc)]) along [A(/5(7)]- Note that the lasso A(pc) is a 
loop on C° that is nuU-homotopic in C, so that we have [A(/9c')] G -f^^- Because 
sc o A(/5c) = '^(pc)i the generators g^^g^'■(^^(pc)]) of A^I^l are contained in Nk- □ 

We give a sufficient condition under which N^p^ — 1 holds for one (and hence 
any) leashed disc p around (See Corollarv l3.19n 

Suppose that X is the complement to a reduced hypersurface in a smooth 
variety X, and that / is the restriction to X of a projective morphism / : X — > 
Y. For y G Y, we put Fy := f~^{y), and denote by Wy the scheme-theoretic 
intersection of Fy with W. Let Sing(/) C X be the Zariski closed subset of critical 
points of /. 

Proposition 3.35. We assume the conditions (CI) and (C2). Suppose that, for a 
general point y of the intersection Fy D Sing(/) is of codimension > 2 in Fy 
and Wy \ {Wy D Sing(/)) is a reduced hypersurface of Fy \ {Fy n Sing(/)). Then 
N^P^ = 1 holds for a leashed disc p around sj. 

Proof. Let yo be a general point j/q of S^, and let U C be a sufficiently small 
contractible neighborhood of yo- Since / is projective, there exists an embedding 
over U of f~^{U) into x U; 

f-^{U) ^ X [/ 

\ / 
U. 

By this embedding, we consider each Fy for y S [/ as a closed subscheme of P^ 
of dimension dimX — dimY. We choose a general linear subspace P C P^ of 
codimension dimi<"y — 1. By the assumption dim(_Fj^ H Sing(/)) < dimF^ — 2 for 
any y E U H E;, we have {P x U) H Sing(/) = and we can assume that P n Fy is 
a smooth projective curve for any y £ U. By the assumption on Wy, we see that 
PnWy is a reduced divisor of PnF^ whose degree is independent oiy £ U. Hence 
the family 

PnFy=Pn{Fy\Wy) {y£U) 

of punctured Riemann surfaces is trivial (in the C°°-category) over U . Let 5 : K ^ 
be a transversal disc around Yj\ such that 5{A) C U . Then we have a transversal 
lift (5 : A ^ of (5 such that ~5{z) e P O Fs^^) holds for any z e A. We put 

q:^5{l), q:^~S{l)£PnFg. 
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The lifted monodromy of [deS] on 7ri(P O Fq,q) is trivial. On the other hand, the 
inclusion P Fq ^ Fq induces a surjective homomorphism 

TTi{PnFq,q)-^7r,{Fq,q) 

by the Lefschetz-Zariski hyperplane section theorem. (See, for example, [6] or [7]). 
Hence the lifted monodromy of [dgS] on 7Ti{Fq, q) is also trivial. □ 

We prove the two corollaries stated in Introduction. 

Proof of Corollary Since the lasso of any transversal lift of a leashed disc on 
around is nuU-homotopic in X, we have Af C TZ. Hence Corollary 11.11 
follows from Theorem 13. 20) Proposition 13 .31 and Nori's lemma (Proposition 13.11 and 
Remark EH). □ 

Proof of Corollary \1.3[ It is enough to show that / satisfies the condition (C2), and 
that, for each T,i, N^''^ — 1 holds for a leashed disc p around . 

Since / is projective and the general fiber is connected, every fiber of / is non- 
empty and connected. Suppose that Fy is reducible for a general point y of some 
irreducible hypersurface S' oi Y. Let A C F be a small open disc intersecting E' 
transversely at y such that /~^(A) is smooth. Then Fy is a reducible hypersurface 
of /~^(A). Since Fy is connected and projective, there exist distinct irreducible 
components Fy and Fy of Fy that intersect. Since Fy fl Fy is of codimension 2 in 
/~^(A), we obtain a contradiction to the assumption that Sing(/) is of codimension 
> 3 in X. Thus the condition (C2) is satisfied. 

Let y he a, general point of S^. By the assumption that Sing(/) is of codimen- 
sion > 3 in X, we see that Fy fl Sing(/) is of codimension > 2 m Fy. Applying 
Proposition 13.351 to the case where W — 9 and X — X, we obtain A^I''! = 1 for a 
leashed disc p around Ef. □ 

4. Proof of Theorem 11.41 

Proof of Theorem \1.4\ We assume k < n — 2, where n is the dimension of the 
smooth non-degenerate projective variety X C P^. We put 

Zifc(X,P^,(P^)^) := { (i,t) e UkiX,F^) X (P^)^ I LcHt}, 

and consider the projection 

/(P«)v : UkiX,¥^,iP^r) ^ (P^)\ 

Then the fiber of /(pwjv over i e (P^)^ is canonically identified with Uk{Yt,Ht), 
where Yt = X C] Ht- The morphism 

/a : Z^fe(X,P^,A) -> A 

defined in Introduction is the pull-back of f(pNy by the inclusion A ^ (P^)^. 
Consider the following diagram: 

Zife(X,P^,A) ^ Wfc(X,P^,(P^)^) ^ UkiX.P^) 

/a 1 □ i /(pN)V 

A (P^)^, 

where prj^ is the projection onto the first factor. The fiber of prj^ over L g Uk{X, P^) 
is isomorphic to a linear subspace {t G (P^)^ \ L C Ht} of (P^)^, and hence pr;^ is 
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smooth and proper (and thus locaUy trivial) with simply-connected fibers. There- 
fore Uk{X,P^ , (P^)^) is smooth and irreducible, and prj^ induces an isomorphism 

(4.1) 7:,{UkiX,F^,{P^y),Som^^iiUk{X,¥^),Lo). 

The fiber of /(pN)v over t e (P^)^ is a Zariski open subset of Gr""^"''(iJf)- Hence 
f(pNy is smooth. There exists a Zariski closed subset S" of (P^)^ of codimension 
> 2 such that, if t G (P^)^\S", then Yt has only isolated singular points. (See [10] . 
for example.) Then Uk{Yt,Ht) is non-empty and irreducible for t g (P^)^ \ S". 
Therefore /(pwjv satisfies the conditions (CI) and (C2). In particular, by Nori's 
lemma (Proposition 13. 1[) , we see that the inclusion of the general fiber induces a 
surjective homomorphism 

(4.2) : TTi{Uk{Y„,H„),Lo) ^ ^i(Z^fe(X,P^, (P^)^), So(0)). 

On the other hand, in virtue of the general line A C (P^)^ and the holomorphic 
section So over A, we see that /(pw^v satisfies the conditions of Theorem 13.341 and 
hence induces an injective homomorphism 

(4.3) 7ri((7fe(ro,ifo),io)//7ri(A\I]A,0) ^ ^i(Z^fc(X, P^, (P^)^), So(0)). 

Combining (|4.ip . (|4.2p and (|4.3[) . we complete the proof of Theorem ll.4r iV 

In particular, the inclusion Uk{Yo, Hq) ^ Uk(X,P^) induces a surjective homo- 
morphism on the fundamental groups. If /c < n — 2, then we can apply this result 
to the inclusion Uk{Z\,A) ^ Uk{Yo, Hq), and obtain a surjection 

7ri(C/fe(ZA, A),Lo)^ MUkiYo, Ho), L,). 

By construction, this homomorphism is equivariant under the classical monodromy 
action of 7ri(A \ Sa,0) given by the cross-section Sq. Since 7ri(A \ Sa,0) acts on 
TTi{Uk{Z\, A), Lo) trivially, we obtain the proof of Theorem II. 4r 2). □ 

5. The simple braid group 

Let C be a compact Riemann surface of genus 5 > 0, and let Dq ~ Pi + ■ ■ ■ + Pd 
be a reduced effective divisor on C of degree d, which we use as a base point of the 
space rDiv''(C) of reduced divisors of degree d on C. Let Pic''(C) be the Picard 
variety of isomorphism classes [L] of line bundles L of degree d on C We denote 

by 

A : Div'^(C) ^ Pic'^(C) 
the natural morphism, and consider the induced homomorphism 

A* : ^i(Div'*(C),i?o) ^ ^i{Vic\C)XDn)) = HiiC,!.). 

Proposition 5.1. Suppose that d > g. (1) We have Sing(A) — A^^(A(Sing(A))). 
(2) If d>2g -1 then Sing(A) = 0. If d < 2g - 2 then dimSing(A) < g -I and 
dim A(Sing(A)) <2g-2-d. 

Proof. Note that A is surjective because d> g. For D € Div''(C), we have 

X-^HD)) = \Oc{D)\ = pd-g+siD)^ 

where s{D) := h°{C,Kc{-D)). Hence D e Sing(A) if and only if s{D) > 0, and 
therefore the assertion (1) follows, and moreover, we have 

dim A(Sing(A)) < dim Sing(A) ~{d~g+l). 
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On the other hand, we have s{D) > if and only if 13 is a sub-divisor of a member 
of the {g — l)-dimensional linear system \Kc\- Since degi^c — 2g — 2, we obtain 
the proof. □ 

Remark 5.2. Suppose d > g. Then Sing(A) is the locus of special divisors of degree 
d on C, and A(Sing(A)) is the locus of special line bundles of degree d on C. 

Proposition 5.3. Suppose that d > g. Then A* is an isomorphism. 

Proof. The general fiber of A is isomorphic to P"*^^. By Proposition 15.11 the as- 
sumption d > g implies that A(Sing(A)) C Pic'^(C) is of codimension > 2. Hence 
Proposition 15 . 31 follows from Nori's lemma (Proposition [SH]). □ 

Proposition 5.4. (1) Suppose that d > g + 2. Then there exists a Zariski closed 
subset Si C Pic (C) of codimension > 2 such that the complete linear system \L\ 
is base-point free for any [L] € Pic'^(C) \ Si. 

(2) Suppose that d > 5+4. Then there exists a Zariski closed subset S2 C Pic''(C) 
of codimension > 2 such that \L\ is very ample for any [L] E Pic (C) \ S2. 

Proof. Suppose that d > g + 2, and let L be a line bundle of degree d. If |L| has 
a base point p, then L{—p) is a special line bundle, and hence [L] G Pic''(C) is 
contained in the image of the morphism 

(5.1) A'(Sing(A')) x C ^ Pic''(C) 

given by {[M],p) k-> [M{p)], where A' : Div'*"^(C) Pic'^^^C) is the natural 
morphism. Since dim A'(Sing(A')) < 2g — d — 1 by Proposition 15. 1[ the image 
of (|5.ip is of codimension > 2. 

Suppose that d > g + 4. If a base-point free line bundle L of degree d is not 
very ample, then there exist points p, q oi C such that h^{L{—p — q)) = h^{L{—p)) 
holds, and hence L{—p — g) is a special line bundle of degree d — 2. We complete 
the proof by the same argument as above. □ 

We denote by 

A : rDiv'^(C) Pic^'(C) 
the restriction of A to rDiv''(C), and consider the homomorphism 

A* : B{C,d) ■.= T:i{rV>iV\C),Do) i7i(C, Z) = 7ri(Pic''(C)) 
induced by A. From Proposition [^31 we obtain the following: 

Corollary 5.5. Suppose that d > g. Then the simple braid group SB(C, Dq) 
defined in Definition \1.5\ is equal to the kernel of the homomorphism A*. 

Let a : {1,01) (rDiv'^(C), Z3o) be a loop. Then there exist paths ai : I C 
for i = 1, . . . , d such that (7j(0) = Pi and such that a{t) = ai (t) -I- • • • -I- ad{t) for 
all tel. The homology class A* ([a]) G Hi{C,Z) is represented by the 1-cycle 
obtained as the conjunction of the paths cri, . . . , ad- 
Let V^iC) C Div''(C) be the big diagonal in Div'^(C) = C''/&d, where 6d 
is the symmetric group acting on the Cartesian product of d copies of C by 
permutation of the components. We have 

rDiv'^(C) = Div''(C) \ r''(C). 
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For [L] e Pic''(C), we put 

r{L):^T''{C)nX-\[L]) and {Lr" := X-\[L]) ^ \L\\r{L), 
where A^^([i]) is identified with \L\. 

Remark 5.6. Suppose that L is very ample, and let Cl C f"^^9+s(L) (^gj^Qte the im- 
age of the embedding of C by |L|. Then, under the identification \L\ = (fxi-g+s^-^v ^ 
r(L) is equal to the dual hypersurface of Cl, and hence it is of degree 

d'^ ■.= 2{d + g-l). 

Proposition 5.7. Suppose that d > g + A. // [L] e Pic'^(C) is general, then the 
inclusion ^ rDiv (C) induces an isomorphism 

M\Lr'',Do) = SB{C,Do), 
where Dq is a point of |L|"'^. 

Proof. We put S :— A(Sing(A)) U S2, where S2 is the Zariski closed subset in 
Proposition 15.41 Then S is a Zariski closed subset of codimension > 2 in Pic''(C) 
and A~^(S) is of codimension > 2 in Div'^(C) by Proposition [O] Moreover A~^(S) 
contains Sing(A), and L' is very ample if [L'] ^ S. We consider the restriction 

f : X -.^ rDiv'*(C) \ X'^E) F := Pic'^(C) \ S 
of A to X = rDiv'*(C) \ X-^(E). We have 

MY,[L]) = 7ri(Pic'^(C),[L]) = H,{C,Z), 
MX, Do) - ^i(rDiv'^(C),i?o) = 3(0, Do), 
7:2{Y) = 7r2(Pic'^(C)) = 0. 

By the last equality, the morphism / satisfies (Z). Since / is smooth with every 
fiber being non-empty Zariski open subsets of P''"^, the conditions (Cl) and (C2) 
are also satisfied. Therefore we can apply Theorem 13.201 Using Proposition 13.351 
and Remark 15.61 the lifted monodromy action of tti{X° , Dq) on 7ri(|L|''°'^, Z?o) is 
trivial. Combining this result with Corollary [TTTl we see that 7ri(|L|''°^, Do) is equal 
to the kernel of the homomorphism B{C,Do) — > iJi(C, Z) induced by /, which is 
SB{C, Do) by Corollary [531 □ 

Now we prove our third main result. 

Proof of Theorem \1.7\ We denote by L the line bundle on C C P^^ corresponding 
to the hyperplane section, and let Cl C be the image of the embedding of C 
by \L\. Then C C P^ is the image of a projection Cl with the center being 

disjoint from Cl C P''^. Let p : C ^ P^ be a general projection. By this sequence 
of the linear projections P^ — > P*^ — > P^, we have the canonical embeddings of 
linear subspaces 

Let p(C)^ c (P^)'', c (P*0^ and (Cl)^ c (P^)'' be the dual hypersurfaces of 
p{C) C P^ C C P*'^ and Cl C P^, respectively. Then we have 

piC)"" = (p2)^ n = (p2)^ n [Cl)"", C = (P^O"" n (Cl)''. 

We will consider the homomorphisms 

7ri((p2)^\p(C)^) ^ 7ri((P*^)^\C^) ^ ^i((P^)^\(Cl)^) 
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induced by the inclusions. Since C C P^^ is Pliicker general by the assumption, the 
degree of p{CY , the number (5^ of ordinary nodes on p{CY and the number 
of ordinary cusps on p{CY are given by the Pliicker formula; 

d"^ =2d + 2g-2, S"" = 2d^ + 'idg + 2g^-l0d~ Ug + 12, k"" = 3d + 6.g - 6. 

(See [311 Chap. 7], for example.) In particular, the section p{CY of [ClY by 
(P^)^ C (P^)^ is equisingular to the general plane section of {C^Y ■ -By the 
classical Zariski hyperplane section theorem {[B], [7], [31]), we see that the inclusion 
induces an isomorphism 

7ri((p2)v\p(C)^) - ^,{{¥^Y\{ClY)- 

On the other hand, the scheme-theoretic intersection of {ClY and (P^)^ in (P^)^ 
is reduced, and hence the scheme-theoretic intersection of and (P^)^ in (P*^)^ 
is also reduced, and thus the inclusion induces a surjective homomorphism 

^,{{rY\p{CY) ~» 7ri((P*^)^\C^). 

Therefore we conclude that the inclusions induce isomorphisms 

^,{{rY\p{cY) = i^iii^^'Y \c^) = ^i((p^)^\(Cl)^). 

Remark that (P*^ ) ^ \ is equal to C/q (C, P*^ ) , and (P^ ) ^ \ (Cl ) ^ is equal to | L | "^"^ . 
Therefore it is enough to show that 7ri(|L|'^°'^) or 7ri((P^)^ \ p{CY) is isomorphic to 
the simple braid group 55^. Note that, since [L] is not necessarily a general point 
of Pic''(C), we cannot apply Proposition 15.71 We overcome this difficulty using 
Harris' theorem 8 . 

Note that p(C) isaplane curve of degree d with 5 := (d— l)((i— 2) /2 — (7 ordinary 
nodes and no other singularities. Let P*(7J''(P^, ©(d))) be the space of all plane 
curves of degree d, and let Sd,5 C P,(i/°(P^, 0(d))) be the locus of reduced plane 
curves F C P^ of degree d such that SingF consists of only 5 ordinary nodes. In [8], 
Harris gave an affirmative answer to the Severi problem, in virtue of which we 
know that Sd,5 is irreducible. We then denote by 5^ ^ C Sd,s the locus of F G Sd,s 
such that the dual curve F^ has only ordinary nodes and ordinary cusps as its 
singularities. Then 5^ ^ is a Zariski open subset of Sd,s containing p{C). 

Let C" be an arbitrary compact Riemann surface of genus g, and let [L'] be a 
general point of Pic''(C"). Since d > g -I- 4, we see from Proposition 15.41 that \L'\ 
is very ample of dimension d — g. We denote by C P''^^' the image of the 
embedding C > P'^-s by |L'|, and consider the general projection p' : CY —> P^. 
Then p'{C'j^,) is a point of Sd^s- Since Sd^s is irreducible, we can connect the two 
points p{C) € Sd,s and p'{C'^,) S Sd^s by an irreducible closed curve T C Sd^s- We 
put T° T n 5^5, which is a Zariski open subset of T containing p{C). When 
F moves on 5^ ^ the dual curves F^ form an equisingular family of plane curves. 
Therefore we have 

(5.2) ^i((p2)^ \p(C)^) ^ ^i((p2)^\F^) for any Fe TO. 

On the other hand, by Propositions 15.41 and 15.71 there exists a Zariski open dense 
subset C T containing p'{CY) such that the complete linear system |C'r(l)| of 
a hyperplane section of F C P^ is very ample on the normalization F"^ of F for any 
F e r\ that dim |Or(l)| = d - .g for any F e r\ and that 

(5.3) 7ri((p2)^\F^) - 7ri(|Or(l)|™'*) = SB^ for any F e T^. 
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Here we have used the classical Zariski hyperplane section theorem again. Since 
Q jii _^ 0^ complete the proof of Theorem 11.71 by combining the isomor- 
phisms dillD, dO]). □ 

6. The conjecture of Auroux, Donaldson, Katzarkov and Yotov 

Let X C P''^ be a smooth non-degenerate projective surface of degree d, and let 
B C be the branch curve of a general projection X ^ f"^ . The fundamental 
group 7ri(P^ \ B) has been studied intensively by Moishezon, Teicher and Robb 

(Em, [12], [13], [H, [29], [28], [E], ). In many examples, it has turned 

out that 7ri(P^ \ B) is rather "small". In [2 Conjectures 1.3 and 1.6], Auroux, 
Donaldson, Katzarkov and Yotov formulated the following conjecture (not only for 
algebraic surfaces but also for symplectic 4- manifolds), and confirmed it for some 
new examples. 

Note that there exist natural homomorphisms 

7ri(p2\B) ^ 6rf and 7ri(p2 \ B) ^ iJi(p2 \ S) ^ Z/ deg(B)Z. 

For a smooth projective surface X and a line bundle L on A, we denote by 

\x.L) ■■ H^iX,Z) ^ Z2 

the homomorphism given by X(^x.L){o:) ■= {(^ U ci(L),a U ci{Ks + 3i)), where U 
denotes the cup-product. 

Conjecture 6.1. Let L be an ample line bundle of a smooth projective surface S , 
and let Xm C be the image of the embedding of S by the complete linear 

system \L'^™\. We denote by B,n C P^ the branch curve of a general projection 
X„i P^ • Let G'^ be the kernel of the natural homomorphism 

^i(p2 \ B,n) -> 6rf X Z/deg(B™)Z. 

Suppose that S is simply- connected and that m is large enough. Then the abelian- 
ization of G^-^ is isomorphic to {7? / lm{X(^x,mL)))'^^^ , o.'nd the commutator subgroup 
[G^,G^] is a quotient o/(Z/2Z)2. 

For a smooth non-degenerate projective surface X C P^, the fundamental groups 
7ri(;7o(A, P^)) and tti (P^ \ B) are related as follows. Note that the target space P^ 
of the general projection A — > P'^ is identified with the closed subvariety 

{ L <E Gr^(P^) I L contains the center of the projection } 

of Gr2(P^), and P^ \ B is identified with the pull-back of C/o(A,P^) by this em- 
bedding P2 Gr2(P^). 

Proposition 6.2. The inclusion P'^ \ S ^ Uq{X,V^) induces a surjective homo- 
morphism 7ri(p2 \B)^ 7ri(J7o(A, P^)). 

Proof. Consider the incidence variety 

{ (L,M) e Gr2(P^) X Gr^(P^) I L D M } ^ Gt\V^) 

Pl'2 i 

where prj^ and prj are the natural projections, and put 

U :=prr^(C/o(A,P^)). 
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Since pr^ is smooth with every fiber being isomorphic to P^^^, we see that U is 
smooth, irreducible, and that pi'i \u induces an isomorphism TiiiU) = 'Ki{Uq{X, P^)). 
For M e Gr^(P^), the target space IIm of the projection 

Pm ■ X — > Hm 

with the center M is the fiber of prj over M, and we have 

Hm \ Bm = (pr2 lur'iM) - pr^\M)nU, 

where Bm C IIm is the branch curve of pM- Hence it is enough to show that the 
inclusion of the general fiber of pr2 \u over M induces a surjective homomorphism 

(6.1) 7ri{{pr^\u)-\M)) ^ MU). 

Since prj is smooth, so is pr2 \u- Moreover the locus of all M e Gr^(P^) such that 
(pi'2 \u)~^{M) = is contained in a Zariski closed subset of codimension > 2 in 
Gr"^(P^). Hence Nori's lemma (Proposition 13. 1|) implies the surjectivity (16. ip . □ 

Thus we see that the group tti{Uo{X,¥^)) is "smaller" than 7ri(p2 \ B). In 
view of Corollary 11.81 and Conjecture 16. H we expect that the image /a of the 
monodromy ()1.3p should be "large" . 

The group / a is generated by the Dehn twists associated with the ordinary nodes 
of the singular members of the pencil {YfjigA- Hence the group /a and its action 
on SB{Yo, Za) can be visualized by drawing on Yq the reduced divisor Z\ and the 
vanishing cycles for the singular members of the pencil. 

As for the largeness of /a, we have the following result of Smith [27, Theorem 
1.3 and Corollary 4.3]. 

Theorem 6.3 (Smith). The vanishing cycles of the Lefschetz fibration 3^ ^ A fill 
up the fiber Yq; that is, their complement is a bunch of discs. Moreover distinct 
points of Za are on distinct discs. 

The second assertion follows from the argument in the proof of [571 Theorem 5.1] , 
and the fact that the homology classes of the sections of 3^ — > A corresponding to 
the points of Za are distinct. 

Remark 6.4. In the calculation of tti (;7o(X„j, P^^"^))) by means of Corollary [Til 
the assumption d > g + 4 is satisfied when m is large enough. Indeed, the degree d 
of Xm is given by d = rn^L^, while the genus g of the general hyperplane section 
Yq of Xm is given hy g — {m'^L'^ + mL ■ Kx)/2 + 1. 
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